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Abstract 

Let A be a finitely generated associative algebra over an alge- 
braically closed field. We characterize the finite dimensional modules 
over A whose orbit closures are regular varieties. 



1 Introduction and the main result 

Throughout the paper k denotes a fixed algebraically closed field. By an al- 
gebra we mean an associative finitely generated fc-algebra with identity, and 
by a module a finite dimensional left module. Let d be a positive integer and 
denote by M(rf) the algebra of d x ^-matrices with coefficients in k. For an 
algebra A the set mod A{d) of the A-module structures on the vector space k d 
has a natural structure of an affine variety. Indeed, if A ~ k(X\, . . . , X t ) / J 
for t > and a two-sided ideal J, then mod^(c?) can be identified with the 
closed subset of (M(<i))* given by vanishing of the entries of all matrices 
p(Xi, . . . ,X t ) for p G J. Moreover, the general linear group GL(d) acts on 
mod^o?) by conjugation and the GL(of)-orbits in modyi(<i) correspond bi- 
jectively to the isomorphism classes of <i-dimensional A-modules. We shall 
denote by Om the GL(<i)-orbit in mod^d) corresponding to (the isomor- 
phism class of) a ^-dimensional A-module M. It is an interesting task to 
study geometric properties of the Zariski closure Om of Om- We note that 
using a geometric equivalence described in [1], this is closely related to a 
similar problem for representations of quivers. We refer to [2], [3], [5], [6], 
[9], [in], [H], p2], [13J and [H] for results concerning geometric properties 
of orbit closures in module varieties or varieties of representations. 
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The main result of the paper concerns the global regularity of such vari- 
eties. Let Ann(M) denote the annihilator of a module M. It is the kernel of 
the algebra homomorphism A — > Endfc(M) induced by the module M, and 
therefore the algebra B = A/ Ann(M) is finite dimensional. Obviously M 
can be considered B-module. 

Theorem 1.1. Let M be an A-module and let B = Aj Ann(M). Then the 
orbit closure Om is a regular variety if and only if the algebra B is hereditary 
and Ext^ (M,M) = 0. 

Let d = dimfcM. Observe that mods(<i) is a closed GL(cf)-sub variety of 
mod^G?) containing Om- Moreover, M is faithful as a S-module. Hence we 
may reformulate Theorem 11.11 as follows: 

Theorem 1.2. Let M be a faithful module over a finite dimensional algebra 
B. Then the orbit closure Om is a regular variety if and only if the algebra 
B is hereditary and Ext^(M, M) = 0. 

The next section contains a reduction of the proof of Theorem 11.21 to 
Theorem 12.11 presented in terms of properties of regular orbit closures for 
representations of quivers. Sections 3 and 4 are devoted to the proof of 
Theorem 12.11 For basic background on the representation theory of algebras 
and quivers we refer to pp. 

2 Representations of quivers 

Let Q = (Qo,Qi, s, t : Q\ — > Qo) be a finite quiver, i.e. Q is a finite set of 
vertices, and Q\ is a finite set of arrows a : s(a) — > t(a). By a representation 
of Q we mean a collection V = (Vi, V a ) of finite dimensional fc-vector spaces 
V;, i 6 Qo, together with linear maps V a : V s ( a ) — > V t ( a ), a G Q\. The 
dimension vector of the representation V is the vector 

dim^ = (dim fc Vi) G N Qo . 

By a path of length m > 1 in Q we mean a sequence of arrows in Qi. 

io = a m a m _i . . . a 2 «i, 

such that s(ai + i) = t(ai) for I — 1, . . . ,m — 1. In the above situation we 
write s(u) = s(a\) and t(u) = t(a m ). We agree to associate to each % G Qo 
a path £j in Q of length zero with s(si) = t{ei) = i. The paths of Q form a 
/c-linear basis of the path algebra kQ. We define 

V u = V am o V am _, o . . . o V a2 o V ai : V s(w) -> V t(u)) 
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for a path u = a m . . . ol\ and extend easily this definition to V p : Vi — > Vj for 
any p in Ej ■ kQ ■ £j, where i, j G Qo, as p is a /c-linear combination of paths 
c<j with s(u) = i and i(o>) = j. Finally, we set 

Ann(K) = {p G fcQ| = for all i,j G Q } , 

which is a two-sided ideal in kQ. In fact, it is the annihilator of the kQ- 
module induced by V with underlying &;-vector space © iG Q V,. 

Let d = (di)i<zQ G be a dimension vector. Then the representations 
V = {Vi, Vq) of Q with Vi = k di , i G Qo, form a vector space 

re Pc?( d ) = © Hom fc (K (Q) ,1/ t(Q) ) = M(dt( a ) x 

where M(<i / x d") stands for the space of d' x <i"-matrices with coefficients in 
k. For abbreviation, we denote the representations in repg(d) by V = (V a ). 
The group GL(d) = ®j £ Q GL(di) acts regularly on repg(d) via 

(9i)ieQ * (V a ) aeQl = (g t ( a ) ■ V a ■ 9s(a))aeQi- 

Given a representation W = (W», W a ) of Q with dim W = d, we denote by 
Ow the GL(d)-orbit in rep Q (d) of representations isomorphic to W . 

Let M be a faithful module over a finite dimensional algebra B. It is 
well known that the algebra B is Morita-equivalent to the quotient algebra 
kQ/I, where Q is a finite quiver and I an admissible ideal in kQ, i.e. / is 
a two-sided ideal such that (TZqY C JC (R.q) 2 for some positive integer r, 
where 7£q denotes the two-sided ideal of kQ generated by the paths of length 
one (arrows) in Q. Furthermore, the algebra B is hereditary if and only if 
I = {0} (in particular, the quiver Q has no oriented cycles, i.e. paths u of 
positive lengths with s(u) = t(uj)). According to the above equivalence, the 
faithful 5-module M corresponds to a representation iV = (N a ) in repg(d) 
for some d, such that Ann(iV) = /. Applying the geometric version of the 
Morita equivalence described by Bongartz in [1], Om is isomorphic to an 
associated fibre bundle GL(d) x GL ( d ) On- In particular, Om is regular if and 
only if Oat is. By the Artin-Voigt formula (see [S]): 

codim repQ ( d) O n = dim k Ext q(N, N), 

the vanishing of Extq(N, N) means that On = re Pg(d). Consequently, one 
implication in Theorem 11.21 is proved and it suffices to show the following 
fact: 

Theorem 2.1. Let N be a representation in repg(d) such that Ann(iV) is 
an admissible ideal in kQ and On is a regular variety. Then Ann(iV) = {0} 
and On = r epg(d). 
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3 Tangent spaces of orbit closures and nilpo- 
tent representations 

From now on, iV is a representation in repg(d) such that Ann(iV) is an 
admissible ideal in kQ and On is a regular variety. The aim of the section 
is to prove that the quiver Q has no oriented cycles. 

Let S[j] = (S\j]i, S[j] a ) stand for the simple representation of Q such 
that S[j]j = k is the only non-zero vector space and all linear maps S[j] a 
are zero, for any vertex j G Qq. Observe that the point in repg(d) is 
the semisimple representation © i€ n S^i]*. A representation W = (Wi,W a ) 
of Q is said to be nilpotent if one of the following equivalent conditions is 
satisfied: 

(1) The endomorphism W u G End^W^)) is nilpotent for any oriented 
cycle u> in Q. 

(2) The ideal Ann(W) contains {7Zq) t for some positive integer r. 

(3) Any composition factor of W is isomorphic to some S[i], i G Qq. 

(4) The orbit closure Ow in repg(dim W) contains 0. 

Obviously the representation N is nilpotent. Thus the set Nq{&) of nilpotent 
representations in repg(d) is a closed GL(d)-invariant subset which contains 
On- Furthermore, A/g(d) is a cone, i.e. it is invariant under multiplication 
by scalars in the vector space repg(d). 

We shall identify the tangent space ^ epQ ( d ) of rep Q (d) at with repg(d) 
itself. Thus the tangent space 7^ is a subspace of repg(d) and is invariant 
under the action of GL(d), i.e. it is a GL(d)-subrepresentation of repg(d). 
Since On is a regular variety, the tangent space Tq n is the tangent cone 
of Oat at (see [7J III.4] ) , and the latter is contained in the tangent cone of 
Ag(d) at 0. Therefore 

To N , QM Q (d). (3.1) 

Lemma 3.1. Let W = (W a ) be a tangent vector in T-q n o- Then W 7 = for 
any loop 7 G Q x . 

Proof. Suppose that the nilpotent matrix W n G M(dj) is non-zero for some 
loop 7 : j — > j in Q\. Then there are two linearly independent vectors 
t>i,t> 2 G /c dj such that W-y ■ v 1 = v 2 and W 7 ■ v 2 = 0. We choose g = (g^) in 
GL(d) such that gj -v\ = v 2 and gj -v 2 = V\. Then U = W + g* W belongs to 
Tq n . Observe that U 7 ■ V\ — V2 and ■ v 2 = v\. Hence the representation 
U is not nilpotent, contrary to (13.11) . □ 
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Let Vi = k dl and i2y be the vector space of formal linear combinations 
of arrows a G Q\ with s(a) = i and t(a) = j, for any i,j G Qo- We shall 
identify: 

rep Q (d) = Hom fc (/^,Hom fc (V^)) and GL(d) = GL(V<). 

i,j&Qo ieQo 

Applying Lemma [3. II we get 

T o N ,o ^ Hom fc (i2 i j,Hom fe (V i , V,)). 

Since the GL(d)-representations Hom fc (Vi, Vj), i 7^ j, are simple and pairwise 
non-isomorphic, we have 

T o N ,o = W ■ Rij - Hom*(V if ty| = 0} 

for some subspaces t/y of .Ry, i ^ j. 

The spaces C/jj are not necessarily spanned by arrows a : i — > j in Qi, 
and we are going to replace iV by a "better" representation in repg(d). The 

group G = ©j je Q GL(i?jj) can be identified naturally with a subgroup of 
automorphisms of the path algebra kQ which change linearly the paths of 
length 1 but do not change the paths of length 0. Let g = (g~ij) be an element 
of G. Then g * {T^-qY = (T^q) p for any positive integer p, where * denotes 
the action of G on kQ. For a representation W of Q presented in the form 

W = (Wi, W id : Ri d -> Hom k (W u ^))y eQo , 

we define the representation 

g* W = {Wi, Wij o (g^y^jeQo- 

Hence G acts regularly on repg(d) and this action commutes with the GL(d)- 
action. Therefore the orbit closure Og+N = g * On is a regular variety, 
N = 9 * -%jv an d the ideal Ann(g * AT) = (7 * Ann( N) is admissible as 

(^ Q ) r = 9* (n Q Y C £ * Ann(iV) c £ * (^ Q ) 2 = (^ Q ) 2 . 

Hence, replacing N by g * N for an appropriate <?, we may assume that the 
spaces Ui 7 j, i ^ j, are spanned by arrows in Q x . Consequently, 

T O N ,0 = re PQ'( d ) Q re PQ( d ) ( 3 - 2 ) 

for some subquiver Q' of Q such that Q' = Qo and Q[ has no loops. 
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Lemma 3.2. The quiver Q' has no oriented cycles. 

Proof. Suppose there is an oriented cycle u> in Q'. Let W = (W a ) be a 
tangent vector in Tq = r ep<g/(d) such that each W a , a G (Q')i, is the 
matrix whose (1, l)-entry is 1, while the other entries are 0. Then the matrix 
W w has the same form, contrary to (13.11) . □ 

Let W = (Wi, W a ) be a representation of Q. We denote by rad(W) the 
radical of W. In case W is nilpotent, rad(W) = J2 a eQi I m (^a)- We write 
(w) for the subrepresentation of W generated by a vector w G © iG Q W;. 

Lemma 3.3. Let a : i —>■ j be an arrow in Qi such that N a (v) does not 
belong to rad 2 (t>) for some v G VJ. Then a G Q[. 

Proof. Let d = J2ieQ di and c = dim k (v). Then dim fc rad(t>) = c — 1 and d > 
c > 2. Since N a (v) does not belong to rad (rad(u)), there is a codimension 
one subrepresentation W of rad(u) which does not contain N a (v). We choose 
a basis {ei, . . . , e^} of the vector space © ie Q V% such that: 

• the vector e& belongs to Vi 6 for some vertex % G Qo, for any b < d; 

• the vectors ei, . . . , e& span a subrepresentation, say AT(6), of A" for any 
b < d- 

• N(c-2) = W, e c _i = N a (v), N(c-l) = md(v), e c = v and N(c) = (v). 

In fact, = N(0) C iV(l) C N(2) C ■ • ■ C N(d) = N is a composition series 
of iV. In particular, Np{e^) belongs to N(b — 1), for any b < d and any arrow 
(3 : ii, — > j in Q\. We take a decreasing sequence of integers 

Pl> P2> ■■■> Pd 

and define a group homomorphism : k* — > GL(d) = © ie g GL(V^) such 
that <^(t)(e&) = t P6 • e& for any b < d. Observe that 

= Xi ' e *' Ai e fc ' im P lies * N )p( e >>) = Yl tPl ~ P " X i ■ e i 

i<b i<b 

for any b < d and any arrow /3 : i& — > j in Q\. This leads to a regular map 
ip : k^O N such that ^(t) = * N for t ^ and ^(0) = 0. 

Assume now that p c _i — p c — 1. Applying the induced linear map 7^ >0 : 
Tk } o — > Tq nQ and using the fact that N a (e c ) = e c _i, we obtain a tangent 
vector W = (W Q ) G 7^ such that W Q (e c ) = e c _i 7^ 0. Thus a G Qi- □ 

Lemma 3.4. For any arrow a : i j in Q\, there exists a path u in Q' of 
positive length such that s(oj) = i and t(u) = j . 
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Proof. Since Ann(iV) is an admissible ideal in kQ, there is a vector v G V{ 
such that N a (v) ^ 0. Let to = a m . . . a 2 ai be a longest path from i to j with 
iV w (i;) ^ 0. Hence N p (v) = for any p G e A ■ (n Q ) m+1 ■ We show that the 
path u satisfies the claim. Let vq = v and vi = N ai (vi-i) for I = 1, . . . ,m. 
According to Lemma f3T3l it is enough to show that vi G" rad 2 (t>;_i) for any 
1 < I < m. Indeed, if V\ G rad 2 (tv_i) for some I, then v m G rad m+1 (t> ), or 
equivalently, A^(t>) = N p (v) for some p G ej-{lZo) m+1 -e^ a contradiction. □ 

Combining Lemmas 13.21 and 13.41 we get 

Corollary 3.5. The quiver Q does not contain oriented cycles. 

4 Gradings of polynomials on repg(d) 

Let n : repg(d) — > repg/(d) denote the obvious GL(d)-equivariant linear 
projection and let N' = ir(N). Then ti(On) = O^' and we get a dominant 
morphism 

V = K \o N '■ ®n — > O n >. 
Lemma 4.1. On> = re Pg'(d). 

Proof. Since Ker(7r) ^T% N o = {0}, the morphism rj is etale at 0. This implies 
that the variety On> is regular at 77(0) = (see III. 5] for basic information 
about etale morphisms). Since it is contained in repq/(d), it suffices to show 
that T-q f = repg/(d). The latter can be concluded from the induced linear 
map T^ o : Tq n ,o ~^ 1~o N ,,cn w hich is the restriction of %. — ir. □ 

Let R = k[X a 

,p,q]a£Qi,p<d t ( a ),q<d a ( a ) denote the algebra of polynomial func- 
tions on the vector space repg(d) and m = (X atPjq ) be the maximal ideal in R 
generated by variables. Here, Xp ;P <q maps a representation W = (W a ) to the 
(p, g)-entry of the matrix Wp. Using 7T, the polynomial functions on repg/(d) 
form the subalgebra R' = k[X a ^ q } a£Q > i!P < dt{a)jq < ds{a) of R. By Lemma ill 

I(O N )(lR' = {0}, (4.1) 

where I(On) stands for the ideal of the set On in R. 

Let X a denote the d t ( a ) x d s ( a )-matrix whose (p, g)-entry is the variable 
X a ,p,q, f° r an y arrow a in Q\. We define the dj x <ij-matrix X p for p G Ej-kQ-Ei, 
with coefficients in R, in a similar way as for representations of Q. 

The action of GL(d) on repg(d) induces an action on the algebra R by 
(9 * f)(W) = fig^ 1 * W) for g G GL(d), / G R and W G rep Q (d). We 
choose a standard maximal torus T in GL(d) consisting of g = (<fc), where 
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all gi G GL(dj) are diagonal matrices. Let Q denote the set of pairs (i,p) 
with i G Qo and 1 < p < dj. Then the action of T on leads to a Z Qo -grading 
on i? with 

deg(X a ^ q ) = e s ( a ) tq - e t ( a ),p, (4.2) 
where { e i,p} ^ p ) & q is the standard basis of Z^°. 
Proposition 4.2. Q' = Q. 

Proof. Suppose the contrary, which means there is an arrow /3 in Qi \ Q^. 
Since the quiver Q has no oriented cycles, we can choose f3 minimal in the 
sense that any path u in Q of length greater than 1 with s(uj) = s(/3) and 
t(u>) = t([3) is in fact a path in Q'. We conclude from (13. 2p that Xp tU>v G 
m 2 + I (On) for u < dt(p) and v < d s /p). Since the polynomials Xp >u>v as 
well as the ideals m 2 and I (On) are homogeneous with respect to the above 
grading, there are homogeneous polynomials fp tU , v in the ideal m 2 such that 

Xp,u,v — fp,u,v £ I (On) and deg(fp tUiV ) = e 8 (j3) jV — et(p),u- 
Let Yli<n X <xuPu<ii be a monomial in R of degree e 3 ^ jV - e m<u . Then 
#{1 <l<n\ s(a t ) =i, qi = r} 

(z,r) = (s((3),v), 

#{1 </</'! -/(n,) = /. /;/ = /■} = <( 1 (i,r) = (t(P),u), 

otherwise. 

Thus by (14. 2ft . up to a permutation of the above variables, we get that 
uj = a m ... «i is a path in Q for some m < n such that (s(ai), q%) = (s((3),v), 
(t(a m ),p m ) = (t(j3),u) and qi = pi-i for I = 2, ...,m. Consequently, 
deg(X am+liPm+lj(?m+1 • . . . • X aniPn , qn ) = 0. Since Q has no oriented cycles, 
the only monomial in R with degree zero is the constant function 1. Hence 
m = n and the homogenous polynomial fp UjV is the following linear combi- 
nation: 

fp,u,v = y]X(u, q m ,y w -i, a m -i, . . . ,pi,ai,v)- 

where the sum runs over all paths u = a m . . . «i in Q with s(u) = s(/3), 
t(oj) = t((3) and positive integers pi < dt( ai ) for I = l,...,m — 1. Since 
f/3,u,v belongs to the ideal m 2 , we may assume that m > 2. Then the arrows 
cui, . . . , a m belong to Q[, by the minimality of (3. In particular, fp )U)V belongs 
to R'. 
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We claim that the scalars X(u, a m ,p m -i, a m -\, . . . ,pi, ax, v) do not de- 
pend on the integers u, p m -i, ■ ■ ■ ,Pi and v. Indeed, take u' < d t (g\, v' < d s ^ 
and p\ < d t ( ai ) for I — 1, . . . , m — 1. We choose g = (gi) in GL(d) with each ^ 
being the permutation matrix associated to a specific permutation o~i G Sd r 
Then the multiplication by g in the algebra R permutes the monomials in R. 
We assume that 

<7s(f3)(v) = v', cr s{f3) (v') = v, cr t (f3)(u) = u', Vt(P)(u') = u, 
<Tt(ai)(pi) = Pi and (Jtiaoip'i) =Pi, for / = 1, . . . ,m - 1. 

Since g * Xpyy = Xp >n)V , the polynomial 

f/3,u,v — 9 * fp,u',v' — 9 * \Xp, u ',v' — f/3,u',v') — {Xj3,u,v ~ f/3,u,v) 

belongs to the ideal I (On), as the latter is GL(d)-invariant. Thus fp iU}V = 
9 * f/3,u'.v', by (14.11) . Hence the claim follows from the fact that the monomial 

Y Y Y Y 

appears in g * fp, u ',v' with coefficient X(u', a. m ,p' m _ x , a m _i, . . . ,p[, ai, v'). 

Let H denote the set of all paths £ in Q' of length greater than 1 with 
s(£) = s(P) and t(£) = t(/3). Then there are scalars A(£), such that 

f/3,u,v — ^ ] A(£) ' ^ ] ' ' ' ^ ] -^-a m ,u,pm-i ' • • • ' -^ai,pi,v 

5=a m ...QieH Pi<<l t ( ai ) Pm-\<d t{ctm _ l) 

for any u < df(p) and v < d s (py This equality means that fp iU>v is the (u,v)- 
entry of the matrix X p , where p = X^es ^(0 ' £ kQ'. Consequently, the 
entries of the matrix Xp_ p belong to the ideal I (On)- This implies that (3 — p 
belongs to Ann(iV). Since (3 — p does not belong to (7Zq) 2 , the ideal Ann(iV) 
is not admissible, a contradiction. □ 

Combining Lemma 14.11 and Proposition 14.21 we get 

N = rep Q (d). (4.3) 

Hence the following lemma finishes the proof of Theorem 12. 1L 

Lemma 4.3. Ann(iV) = {0}. 

Proof. Suppose the contrary, that there is a non-zero element p in Ej ■ Ann( N) ■ 
£j for some vertices i and j. Observe that the set of representations W = 
(W a ) in repg(d) such that W p = is closed and GL(d)-invariant. Hence 
W p = for any representation W = (W a ) in repg(d), by (14. 3ft . Of course, p 
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is a linear combination of paths in Q of length greater than 1 with s(u) = i 
and t(u) = j. Let oo be a path appearing in p with coefficient A ^ 0. We 
choose a representation W = (W a ) in repg(d) such that W a is the matrix 
whose (1, l)-entry is 1 and the other entries are if the arrow a appears in 
the path u>o, and W a = otherwise. Then the (1, l)-entry of W p equals A, a 
contradiction. □ 
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